In this work, we study the Aharonov-Bohm-Coulomb (ABC) system for a relativistic Dirac particle with position-dependent mass (PDM). To solve our system, we use the lef t-handed and right-handed projection operators. Next, we explicitly obtain the eigenfunctions and the energy spectrum of the particle. We verify that these eigenfunctions are written in terms of the generalized Laguerre polynomials and the energy spectrum depends on the parameters Z, Φ AB and κ. We notice that the parameter κ has the function of increasing the values of the energy levels of the system. In addition, the usual ABC system is recovered when one considers the limit of constant mass (κ → 0). Moreover, also we note that even in the absence of ABC system (Z = Φ AB = 0), the particle with PDM still has a discrete energy spectrum. * Electronic address: rubensrso@fisica.ufc.br † Electronic address: dilto@fisica.ufc.br ‡ Electronic address: r.v.maluf@fisica.ufc.br § Electronic address: carlos@fisica.ufc.br
I. INTRODUCTION
The in literature, there a significant number of works that investigate the dynamics of particles with constant mass interacting with the vector potential of the Aharonov-Bohm (AB) effect [1] [2] [3] [4] and the 2D Coulomb potential [5] [6] [7] [8] . A system described by the combination of these two potentials is so-called Aharonov-Bohm-Coulomb (ABC) system [9] [10] [11] [12] . In particular, the ABC system for spin-1/2 relativistic particles is studied in connection with the Feynman path integrals [14, 15] , scattering [16] , magnetic monopole [17, 18] , spontaneous creation of fermions pairs [19] , Coulomb impurity [20] , etc. Recently, the ABC system was applied in a graphene ring [21] and studied together with the Dirac oscillator [22] .
Physical systems with effective mass, in special, with position-dependent mass (PDM) are particular interest in theoretical and experimental physics. For instance, using the Schrödinger equation (SE) with PDM, we can investigate the electronic properties of semiconductors [23] , quantum well and quantum dots [24] , 3 He clusters [25] , quantum liquids [26] , etc. However, the relativistic extension this formalism it has the advantage of them to eliminate the problem of the ordering ambiguity between the mass and the momentum operator in the SE [27, 28] . In particular, using the Dirac equation (DE) with PDM, we can study problems involving scattering [29] , Coulomb field [30, 31] , spin and pseudo-spin symmetry [32] , solid state physics [33] , supersymmetry [34] , PT-symmetry [35] [36] [37] , infinite square well [38] , generalized uncertainty principle [39] , etc.
In this work, we investigate the relativistic quantum dynamics of an electrically charged Dirac particle with PDM in an ABC system in the (2+1)-dimensional Minkowski spacetime.
To solve exact our problem, we use the lef t-handed and right-handed projection operators.
Yet, we assume that the PDM be relevant for distances of the order of magnitude of the Compton wavelength λ, otherwise, we obtain the rest mass m 0 of the particle in the limit ρ → ∞ or λ → 0, being ρ the radial coordinate.
This paper is organized as follows. In Section II, we introduce the DE in polar coordinates for an electrically charged particle with PDM in an ABC system. Next, we apply the lef t-handed and right-handed projection operators in the DE and we obtain a second order differential equation. In Section III, we determine the eigenfunctions and the energy spectrum for the bound-states of the particle. In Section IV, we present our conclusions.
II. THE DIRAC EQUATION WITH POSITION-DEPENDENT MASS IN AN AHARONOV-BOHM-COULOMB SYSTEM
The (2 + 1)-dimensional DE that governs the dynamics of an electrically charged particle with PDM in the presence of an external electromagnetic field A µ reads as follows (Gaussian system in natural units = c = 1) [40] [
where γ µ = (γ 0 , γ) are the gamma matrices, Π µ = p µ − qA µ is the kinetic momentum operator, being p µ = i∂ µ the momentum operator, q < 0 is the electric charge of the particle and Ψ(t, r) is the two-component Dirac spinor.
Now, we introduce the following lef t-handed and right-handed projection operators [41]
which satisfy the properties
(1) and defining the lef t-handed and
The above relation allows us to write the original Dirac spinor in the form
where we used Ψ(t, r) = Ψ L (t, r) + Ψ R (t, r).
Substituting the spinor (4) into Eq. (1), we obtain
Adopting now the polar coordinates system (t, ρ, θ) where the metric tensor is given by
, being ρ = x 2 + y 2 > 0 the radial coordinate and 0 ≤ θ ≤ 2π the azimutal coordinate, Eq. (5) becomes
where the operators A ∓ are defined in the form
Here, we are explicitly assuming that the radial component of the vector potential is null (A ρ = 0). Also, through a similarity transformation given by unitary operator U(θ) = e − iθσ 3 2 , we can reduce the matrices γ ρ and γ θ to the matrices γ 1 and γ 2 as follows [42] 
Since we are working in a (2 + 1)-dimensional Minkowski spacetime, it is convenient define the Dirac matrices γ = (γ 1 , γ 2 ) = (−γ 1 , −γ 2 ) and γ 0 in terms of the Pauli matrices, i.e., γ 1 = σ 3 σ 1 , γ 2 = σ 3 σ 2 and γ 0 = σ 3 [40, 42] . Therefore, using this information and the relations (8), we rewrite Eq. (6) in the form
where
Let us now consider the configurations of the vector potential of the AB effect and of the 2D Coulomb potential. Explicitly, these configurations are given in the form [9] [10] [11] [12] 21 ]
where Φ = πa 2 B = const is the magnetic flux in the region intern of a solenoid of radius a electrically charged with a total charge Ze > 0, being Z the atomic number.
With respect to the configuration of the variable mass, we consider the following PDM
where m 0 is the rest mass of the particle and κ > 0 is a real parameter. In special, the PDM (14) is the two-dimensional version of a spherically symmetrical singular mass distribution worked in Refs. [30] [31] [32] . In agreement with Ref. [30] , the parameter κ can be defined in the form κ = m 0 µλ 2 , where λ is the Compton wavelength of the particle and µ is a real scale parameter with length inverse dimension. However, as the PDM (14) diverges at the origin, the parameter ν can be interpreted as a renormalization scale in quantum field theory (QFT) to eliminate the ultraviolet divergences that appear in high energy physics [30] .
Therefore, using the configurations (12), (13) and (14), we transform Eq. (9) as follows
where we define the following operators
Writing the two-component Dirac spinor in the form [42] 
Eq. (15) becomes compacted in the following differential equation
being φ s (ρ) real radial functions, E is the relativistic total energy of the particle, m l is the orbital magnetic quantum number, Φ AB = is the Sommerfeld fine structure constant.
III. BOUND-STATE SOLUTIONS AND ENERGY SPECTRUM
In order to solve Eq. (20), we will introduce now a new dimensionless variable given by z = 2ηρ, where η = m 
Analyzing the asymptotic behavior of Eq. (21) for z → 0 and z → ∞, we obtain
where C s are normalization constants and R s (z) are unknown functions to be determined.
In this way, substituting (23) into Eq. (21), we have
It is not difficult to note that Eq. (24) has the form of a generalized Laguerre equation, whose solution are the generalized Laguerre polynomials R s (z) = L 2|γs| n (z) [43] . Besides that, to φ s (z) be a normalizable solution, we must impose that the parameter |γ s | + − z 0 to be equal to a non-positive integer number −n (n = 0, 1, 2, . . .). Therefore, using this condition and the relation (22), we obtain the following energy spectrum for the Dirac particle with PDM in an ABC system
is a quantum number and γ ≡ (m l + Φ AB ) 2 − Z 2 α 2 + κ 2 > 0. We see that the energy spectrum (25) explicitly depends on the parameters Z and Φ AB that characterize the ABC system and of the parameter κ that characterizes the PDM. Due to the presence of the term s = ±1, we see that the upper component of the Dirac spinor has energy eigenvalues slightly larger than the lower component. In addition, the negative signal in (25) was excluded because for an positively charged solenoid (Zα > 0), the negative energy states E < 0 does not satisfy the relation:
Comparing the energy spectrum (25) with the literature, we see that in the limit of the constant mass (κ → 0), or, nonrenormalization limit [30] , the energy spectrum of the usual ABC system is recovered [15] . Moreover, whether in the conditions κ = 0 or κ = 0, the energy spectrum of the ABC system still it has degeneracy finite. Also interesting to note that even in the absence of the ABC system (Z = Φ AB = 0), the Dirac particle with PDM still has a discrete energy spectrum. In this sense, we can interpret the term of the PDM that varies spatially as a type of scalar coupling in the DE, where we have the Lorentz-scalar potential V s (ρ) = κ ρ
, and whose energy spectrum is given as follows:
Now, let us concentrate on the form of the original Dirac spinor. Substituting the variable z = 2ηρ in the radial function (23), the spinor (18) becomes
Now, substituting the spinor (11) in the spinor (4) and using the relations (9), we obtain
Therefore, substituting the spinor (26) in (28), the original Dirac spinor is written in the
IV. CONCLUSION
In this paper, we study the (2+1)-dimensional DE for an electrically charged particle with PDM in an ABC system. Next, we applied the lef t-handed and right-handed projection operators in the DE and we obtain a second order differential equation. After analyzing the asymptotic behavior this differential equation for z → 0 and z → ∞, we obtain a generalized Laguerre equation. As results, we observed that the energy spectrum of the particle explicitly depends on the parameters Z and Φ AB that characterize the ABC system and of the parameter κ that characterizes the PDM. We verify that the parameter κ has the finality of increasing the values of the energy levels of the system. We observed also that in the limit of the constant mass (κ → 0), the energy spectrum of the usual ABC system is recovered. Moreover, also we note that even in the absence of the ABC system (Z = Φ AB = 0), the Dirac particle with PDM still has a discrete energy spectrum. In view of this, we can interpret the PDM as a type of scalar coupling in the DE.
